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Abstract—The central magnetic ﬁeld and rotation of the solar radiative zone are responsible for corrections
to the g-mode frequencies. Magnetogravitational spectra are calculated analytically in a simple one-
dimensional MHD model that goes beyond the WKB approximation and avoid any cusp resonances that
trap the wave within the radiative zone in the presence of a weak magnetic background. The calculations
are compared with spacecraft observations of the 1% frequency shifts for candidate g-modes found in the
SOHO GOLF experiment. The magnetic correction is the main contribution for a strong magnetic ﬁeld
satisfying the approximation used. It is shown that a constant magnetic ﬁeld of 700 kG in the radiative
zone provides the required frequency shift for the n = −10 g-mode. The rotational correction, which is due
to the Coriolis force in the one-dimensional model used, is much less than a percent (αΩ ≤ 0.003).
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1. INTRODUCTION
Recent progress in searches for low-frequency os-
cillations of the solar surface that have revealed pos-
sible candidate g modes (the SOHO GOLF exper-
iment [1]) and prospects for new spacecraft experi-
ments aimed at investigating the internal solar struc-
ture [2] provide new capabilities for direct, detailed
studies of the radiative zone and solar core, which
cannot be studied using helioseismology and obser-
vations of high-frequency p modes.
The frequencies found in [1] are shifted by a relative
amount δω/ω ∼ 1% compared to the predictions of
the seismic model of the Sun [3, 4], which neglects
both the magnetic ﬁeld and the solar rotation.
The eﬀect exerted by the magnetic ﬁeld of the
radiative zone on the g-mode frequencies was stud-
ied in [5], where the frequency shifts were calcu-
lated using a simple one-dimensional (1D) MHD
model. This model that neglects the solar rotation
and determines the limits for the application of the
magnetic perturbation theory, which, in turn, neglect
absorption and reﬂection of the g modes by Alfvenic
or cusp radiative-zone layers. This approach implies
that gmodes appear at the solar surface; such 1D cal-
culations agree well with more recent estimates of the
magnetic shifts determined in the three-dimensional
(3D) MHD model [6].1
Correct treatments of the cusp (Alfvenic) reso-
nances in the 1D model (see Section 3.2) simplify
the problem and display some advantages over 3D
calculations of the rotational and magnetic cor-
rections to the g-mode spectra. In the 3D model,
these corrections can be calculated using perturba-
tion theory disregarding the MHD resonances and
using the eigenfunctions (horizontal and vertical
displacements ξ(n,l)h,r ) calculated for a solar seismic
model, neglecting the external magnetic ﬁeld and
rotation of the star. Since the eigenfunctions of the
1D problem (the vertical velocities v(n,k,Ω,B0)z (z) =
−iω(n, k,Ω, B0)ξ(n,k,Ω,B0)z (z)) represent exact ana-
1In particular, this 3D model predicts that the g110 mode
frequency shift is of the order of δω/ω ∼ 1%, and can be
attributed to the strong radiative-zone magnetic ﬁeld B =
2.5 MG, which corresponds to B = 2.2 MG in the 1D
MHD model with the maximum applicable Brunt–Va¨isa¨la¨
frequency ofN = 2.8× 10−3 rad/s = const (νN = N/2π =
440 μHz) instead of N = 10−3 rad/s = const used in Fig. 4
of [5]. Note that, in contrast to the analytical 1D calculations,
which all used N = const, the N(r) proﬁle in the numerical
3D model is given by the codes of the seismic model of the
Sun [3, 4].
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lytical solutions, they depend on both the magnetic
ﬁeld and stellar rotation.
Here, we continue the analysis of analytical
MHD spectra for internal helioseismic waves in the
1D model, going beyond the WKB approximation
and taking into account both the magnetic ﬁeld and
solar rotation. Note that the 3D solar seismic-model
calculations are able to include solar rotation only in
the short-wave (L c2s/g) WKB approximation [7].
Note also that, due to the simpliﬁcation of the
topology in the 1D model, we lose the eﬀect of the
stellar rotation relative to the observer, with this ef-
fect being described by the azimuthal splitting of the
3D frequency ∼mΩ. However, even for rigid-body
(homogeneous) rotation, the Coriolis force arising
in a frame rotating with the star leads to additional
frequency splitting, which remains in the 1D model.
The goal of our work is to estimate these eﬀects
calculated for magnetized plasmas in the 1D model
using the exact analytical solutions, and going be-
yond perturbation theory (used in the 3D model) or
the WKB approximation.
The contents of this article are arranged as follows.
Section 2 describes the MHD model for ideal plas-
mas, with all the approximations discussed in Sec-
tion 2.1. In Section 2.2, we estimate the eﬀect of the
rotation of the diﬀerential radiative zone and apply the
approximation of rigid-body rotation of the radiative
zone. In Section 3, we linearize the complete set of
MHD equations and derive the main equation for the
z component of the perturbation velocity vz(z), which
determines all other MHD perturbations, including
those of the magnetic ﬁeld. It is this component that
results in the Doppler shift of the optical frequencies
detected in helioseismology experiments.
Section 3.1 examines the non-magnetic case tak-
ing into account only the solar rotation. In Sec-
tion 3.2, we derive a simpliﬁed form of the main
equation for vz(z) in the limit of comparatively weak
magnetic ﬁelds, making it possible to avoid radiative-
zone MHD resonances (cusp or Alfvenic). Note that
such resonances were studied in [8–10]. Section 3.2
presents the exact analytical g-mode spectrum ob-
tained using the magnetic-ﬁeld perturbation method,
taking into account the magnetic ﬁeld in the radiative
zone and the solar rotation. Section 4 discusses the
results obtained.
2. BASIC IDEAL MHD EQUATIONS
Wewill use the followingMHDequations. The law




+∇ · (ρv) = 0, (1)
where the total density contains two terms, corre-
sponding to the background density and the pertur-
bation ρ = ρ0 + ρ′.
In a frame corotating with the Sun (v0 = 0), the
conservation of momentum can be expressed
∂v
∂t




















where the total magnetic ﬁeld H = B0 + B′ contains
the background magnetic ﬁeld B0 and the perturba-
tion B′, g is the gravitational acceleration, and Ω is
the rotational frequency.
The ideal MHD Faraday equation takes the form
∂H
∂t
= (H · ∇)v − (v · ∇)H−Hu, (3)
where u = ∇ · v = 0 is the gas compressibility.
Finally, the set of nonlinear MHD equations is













where p¯ = p0 + p′ is the total gas pressure and γ =











+ g −Ω× (Ω× r) = 0, (5)
the contribution of the centrifugal force (the last
term) is negligible for equilibrium states of the Sun
(∼2× 10−5).
2.1. Assumptions of the Rectangular 1D Model
To determine the spectra of the seismic waves
taking into account the magnetic ﬁeld and rotation
of the radiative zone, we must adopt a number of
assumptions. We will describe these assumptions as
they are used, in order to clarify the consequences
of each. Belowm, we present a complete list of the
assumptions used, for convenience in our subsequent
references to them.
1. The ideal MHD description neglects the con-
tributions of the thermal conductivity and viscosity to
energy losses and assumes an inﬁnite Ohmic conduc-
tivity.
2. We linearize the MHD equations near the
equilibrium background, which is a time-independent
background conﬁguration given by (5).
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3. We assume that the ﬂuctuations are adiabatic,
with their contributions to the heat source being neg-
ligible Q′ = 0.
4. The gas is assumed to be ideal and completely
ionized. This means that the ratio of speciﬁc heats
γ = cp/cV is time-independent. For the numerical
calculations, we use γ = 5/3, which corresponds to
hydrogen plasma.
5. We use the Cowling approximation of negligi-
ble perturbations of the gravitational potential, i.e.,
φ′ = 0.
6. Rigid-body rotation is assumed in the radiative
zone.
7. We use the Cartesian coordinates x, y, and z,
where z corresponds to the radial direction inside the
Sun (see Fig. 1). The background quantities depend
only on z. This means that the local acceleration of
gravity g is in the −z direction. We also assume a
constant uniform magnetic background ﬁeld B0 di-
rected along the x axis. The rotation (angular velocity
vector Ω) is in the y direction, which is perpendicular
to the ecliptic (the x0z plane). Far from the center
of the Sun, this 1D conﬁguration corresponds to a
large-scale toroidal 3D magnetic ﬁeld in the radiative
zone.
8. The background density proﬁle is assumed to
be exponential, ρ0 = ρc exp(−z/H), with constant ρc
and H . Hydrostatic equilibrium determines the back-
ground proﬁles of the thermodynamic quantities, so
that γ is constant.
9. The Brunt-Va¨isa¨la¨ frequency is assumed to be
zero in the convective zone and to be a non-zero
constant in the radiative zone.
The last assumption is applicable to the real mass
and density proﬁles of the standard solar model if the
z direction is radial, taking into account deep radiative
zone layers and neglecting the narrow layer at the
center of the Sun (z  H), where N(z)→ 0 (see,
for example, [8]). A constant γ is also expected in
this region, since a strongly ionized plasma satisﬁes
the ideal gas equation of state well. This geometry
is reasonable when we examine regions far from the
solar center. The fact that B0 is slowly varying in this
region is important, and also the fact that this vector
is perpendicular to both g and to the gradients of all
the background quantities∇ρ0,∇p0, etc.
It was proposed in [8] that this one-dimensional
model can be completely described analytically, in
















Fig. 1. Rectangular 1D geometry.
2.2. Diﬀerential Rotation
In three dimensions (spherical coordinates) with
Ω = Ωcos θer − Ω sin θeθ and with no angular
acceleration (∂Ω/∂t = 0), the last term of (2),
−r sin θ(v∇)Ωeϕ, becomes much smaller than the


















 2Ω, tan θ∂Ω
∂θ
 2Ω. (6)
It is clear that these conditions can be satisﬁed in the
radiative zone (for nearly rigid-body rotation), while
this last inequality is valid near the equator in the
convective zone.2 The SOHO solar-rotation proﬁle
presented in the right panel in Fig. 1 of [11] shows that
the ﬁrst condition of (6) is satisﬁed with an accuracy of
∼ΔΩ/Ω ∼ 50/400 = 0.125  1, at least at low and
middle latitudes.










are analogous to (6), with the velocity ratio of the
second inequality (7) exceeding unity (vx/vz > 1),
especially for MHD resonances, when vx  vz .
We, therefore, assume that Ω = const, thereby ne-
glecting angular acceleration and diﬀerential rotation
and discarding the last line in (2).
2The equator θ = π/2 is inclined by 7◦ to the ecliptic latitude
ϑ = 0◦ (θ = π/2) only in the limit when ∂Ω/∂θ|θ=π/2 → 0.
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3. LINEAR IDEAL MHD EQUATIONS
FOR THE ROTATING SUN
Assuming plane waves propagating along the
background magnetic ﬁeld (∼e−i(ωt−kxx)), we can
reduce the complete MHD system (1)–(4) to the










































































where V = ω/kx is the phase velocity of theMHDos-
cillations required, P = p′ + B0B′x/4π the total pres-
sure perturbation in the linear approximation, cs =√
γgH the speed of sound, H = 0.1R the charac-
teristic scale of the background density variations
ρ0 = ρce−z/H , and ρc = 150 g/cm3 the density at the
center of the Sun.
Let us derive P −B0B′x/4π from (9). Then equat-
ing (8) and (15), we express vx through vy,z as
vx =
c2sV






















Equation (10) shows that we can take vy = B′y =
∂/∂y = 0 for the geometry considered; i.e., the ra-
diative zone material is homogeneous along the rota-




























from (11) using (9) for the pressure P and (12) for
B′x, together with the expression for vx obtained

















2/K2, where the coeﬃcient
(γ − 1)/γ2 = 0.24 is calculated for the hydrogen
plasma with γ = 5/3 (a1 → 0 in incompressible
gases); K = kxH is the dimensionless wave num-
ber. The argument ζ = (1− a1)ξ is determined by
the background magnetic ﬁeld B0; ξ = ξ0ez/H and
ξ0 = k2xv2A0/ω
2, where vA0 [cm/s] = B0/43.4 G is
the Alfven velocity at the solar center for the central
density used.
Following [8], we can ﬁnd the desired solution of
this equation using Gauss’ equation for vz = ζσY (ζ),
vz(ζ) = D1ζσ1F (a, b; c; ζ) (18)
+ D2ζ1−σ1−γ
−1
F (1 + a− c, 1 + b− c; 2− c; ζ),

























determine its indices (the upper sign corresponds to
σ1), namely a = σ1 + K, b = σ1 −K, and c = a + b.
Using reasonable boundary conditions (see, for
example, [8]), we can determine the MHD dis-
persion equation for magnetogravitational waves
ω(K,B0,Ω), which will be expressed through the
hypergeometric functions of (18) for the correspond-
ing point (at the center of the Sun, z = 0 and
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ζ = ζ0 = (1− a1)ξ0). However, the analysis of this
equation is rather complicated. Below, we consider
some simpliﬁed versions of (17) that enable us to
obtain some analytical spectra for the radiative zone.
3.1. The Limit of Zero Magnetic Field
For the limit ζ = (1− a1)ξ → 0,B0 → 0, we rear-































, and (17). In the absence of rota-
tion (Ω = 0), this equation is quite similar to (7.90)
























for the radiative zone, where
β0 =
√









for the convective zone, where NCZ = 0 and β0 →
iΓ0 = i
√
4K2(1− a1) + 1. We then join the solu-
tions at the upper boundary of the radiative zone










where n = −1,−2,−3, . . . . The analogous solution


















































where n = −1,−2, . . . . We can neglect Ω2 in (24)
and (25), since 2Ω/N = 2× 10−3 is small compared
to the frequencies revealed in the GOLF [1] experi-
ment (1 > ω/N ≥ 0.2) and considered in our work.
A rough estimate for the splitting of the rotational
frequency ω → ω−Δω due to the Coriolis force when
ω ≤ N can be obtained from (24) taking into account





















Consequently, this frequency shift is negligible for vz
waves with K > 1 propagating in the plane of the
ecliptic (g ⊥ Ω), αΩ ∼ 10−4.
Figure 2 shows the g spectrum ω(n,K) taking
into account the solar rotation Ω determined by
the dispersion equation (23) for several modes, with
n = −1,−5,−10. Figure 3 presents the g-mode
frequency shifts αΩ(K) = (ω − ω0)/ω0 as functions
of the transverse wave number K and neglecting the
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Fig. 2. The g spectrum as a function of the wave vectorK
for several modes (n = −1,−5,−10) of the rotatingSun.
magnetic ﬁeld in the radiative zone (B0 = 0). In this
case, the frequency ω0 corresponds to an absence of
rotation (Ω = B0 = 0). Note also that the rotational
correction due to the Coriolis force increases when
K decreases, especially for the highest frequency
n = −1. This behavior agrees with that in the three-
dimensional case (see below).
3.2. Magnetic and Rotational Corrections
to the g Mode Spectrum
To ﬁnd the g mode spectra taking into account the
magnetic ﬁeld, we deﬁne the coeﬃcient of the sec-
ond derivative in (17) to be 1− ζ , where ζ = v2A(1−
a1)/V 2.
Let us examine the magnetic ﬁelds in the
framework of perturbation theory. In this case, the
Alfven speed is much lower than the phase speed,
namely v2A = v
2
A0e
z/H  V 2 = ω2/k2x =
[N2H2/K2](ω/N)2; ζ  1; and no MHD reso-
nances (ζ = 1) occur in the radiative zone [5, Fig. 2].
The magnetic ﬁeld for which the perturbation theory
is applicable, that is, for which the maximum Alfven








This inequality determines the admissible magnetic
ﬁelds in order for the perturbation theory to be appli-
cable. It can be veriﬁed that this relation is satisﬁed
well for the magnetic ﬁelds considered here, and for











































Fig. 3. Relative rotational frequency shift as a function of
the wave vector K for the n = −1,−5,−10 g modes.














and determine the magnetic correction O(v2A/V
2)









Ψ = 0, (27)
where βΩ is determined by (24), and the correction to






















































and using the substitution 2s = z/H + ln(4K2A0),








Ψ(s) = 0. (30)
This equation has a general solution expressed
through the Bessel functions of the ﬁrst kind
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Ψ(s) = C1JiβΩ(e
s) + C2J−iβΩ(e
s), where C1,2 are
constants. Following the treatment of [5], we ﬁnd a
solution for the radiative zone using the boundary
condition for the center of the Sun Ψ(z = 0) = 0
(since vz(0) = 0). Thus, we eliminate one constant,
in order to obtain a solution of (30) in the radiative



















In the convective zone, the Brunt-Va¨isa¨la¨ frequency
N = 0. Therefore, we arrive at the same solution as
for the isotropic case, namely, ΨCZ(z) =
CCZ exp(−zΓΩ/H), where ΓΩ obeys (25). Thus, we
neglect the eﬀects of magnetic ﬁelds in the convective
zone (see the comments concerning formula (25)
of [5]). Since the Bessel function arguments are small,
we can retain only the ﬁrst terms of the Maclaurin
expansion.
Equating the logarithmic derivatives of the solu-
tions ΨRZ and ΨCZ at the upper point of the radiative
zone z = zRZ , we obtain the dispersion equation for
the case B0 = 0, generalizing our previous equation





























where κRZ = KA
1/2
0 e
zRZ/2H and the coeﬃcients A0,
βΩ, and ΓΩ are given by (29), (24), and (25), respec-
tively.
This relation is our basic equation determining
the g mode spectrum ωB(K) in the one-dimensional
MHD model, including the solar rotation. Figure 4
presents the frequency splitting due to the Coriolis
force for a magnetic ﬁeld of B0 = 700 kG for the n =
−1,−5,−10 g-modes (dashed curves) as functions of
the transverse wave vector K.
4. DISCUSSION
As expected, the contribution of the Coriolis force
to the g mode frequency shift is small, less than
1% (αΩ < 0.003), even for the radial index n = −1.
Figure 4 shows the corrections to the magnetic shift
αB including the solar rotation (Ω = 0). Figure 4


























Fig. 4. Relative frequency shift due to the rotation and
a magnetic ﬁeld of B0 = 700 kG as a function of the
wave vector K for the n = −1,−5,−10 modes, both ne-
glecting (solid curves) and including the rotation (dashed
curves).
for a central magnetic ﬁeld of B0 = 700 kG: the solid
curves show the frequency shifts αB(K) = (ωB0 −
ω0)/ω0 for the previous results [5] neglecting the
rotation (Ω = 0), and the dashed curves the shifts
αΩ(K) = (αB − ω0)/ω0 simultaneously taking into
account the magnetic ﬁeld and the Coriolis force.
There is no azimuthal number m in our one-
dimensional MHD model, and the transverse wave
number K is similar to an angular mode index l (the
Legendre number); a decrease in this wave number
results in an increase in the Coriolis contribution,
which agrees well with the eﬀect of the 3D Coriolis
force (see Fig. 4).
For an analytical treatment of the one-dimensional
model, we must use a rough approximation of the ho-
mogeneous Brunt-Va¨isa¨la¨ frequency N(z) assuming
N = const, assuming, as in [5], this frequency to be
N = 10−3 rad/s. This is lower than the maximum
Brunt-Va¨isa¨la¨ frequency of N = 2.8 × 10−3 rad/s (a
cycle frequency of νN = N/2π = 440 μHz [12]) by a
factor of 2.8. If we adopt the maximumBrunt-Va¨isa¨la¨
frequency, we should obtain a frequency shift that is
lower by a factor of (2.8)2 = 7.84 for the same mag-
netic ﬁeld of B0 = 700 kG. On the other hand, using
a constant Brunt-Va¨isa¨la¨ frequency of N = 2.8 ×
10−3 rad/s yields the samemagnetic shift of about 1%
(allowing for the Coriolis force) for a stronger (by a
factor of 2.8) radiative-zone magnetic ﬁeld. For ex-
ample, the magnetic ﬁeld would be about 2 MG for
the proper frequency shift of the n = −10 g mode.
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Thus, the magnetic ﬁelds resulting in a fre-
quency shift of δω/ω ∼ B2/ω2 ∼ 1% prove to be
fairly strong, especially for the experimentally ob-
served high g mode frequencies, which approach
the Brunt-Va¨isa¨la¨ frequency. For example, the cor-
responding frequency shift for the g23 mode (ν =
222.46 μHz) requires a strong radiative-zone mag-
netic ﬁeld, B ≥ 8 MG [6], which exceeds established
limits for the central magnetic ﬁeld. In particular, the
ﬂattening by ∼10−5 at the solar poles imposes the
constraint B < 7 MG [13]. This seeming contradic-
tion can be understood if the observed frequency shift
of the g23 mode is not due to the magnetic ﬁeld or
rotation, but instead to some interactions with other
g-modes with frequencies near the Brunt-Va¨isa¨la¨
frequency.
Other conﬁgurations of the three-vectors g, Ω,
and B0 that diﬀer from that presented in Fig. 1 for our
one-dimensional model could result in other magne-
togravitational mode spectra that we have not con-
sidered here.
In conclusion, we note that one ultimate goal
of all studies of the internal structure of the Sun
is the construction of a complete three-dimensional
MHD model for the solar evolution. However, the
formulation of such a model is a problem that must
be addressed in the distant future. We have taken
a step toward this goal by presenting a qualitative
one-dimensional MHD model describing the eﬀects
exerted by the magnetic ﬁeld in the radiative zone ﬁeld
on the spectra of internal waves, taking into account
the solar rotation.
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